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Abstract
It has been conjectured that a near-extreme Kerr black hole is described by a
2d CFT. Previous work has shown that CFT operators dual to axisymmetric grav-
itational perturbations have integer conformal weights. In this paper, we study the
analogous problem in 5d. We consider the most general near-extreme vacuum black
hole with two rotational symmetries. This includes Myers-Perry black holes, black
rings and Kaluza-Klein black holes. We find that operators dual to gravitational
(or electromagnetic or massless scalar field) perturbations preserving both rotational
symmetries have integer conformal weights, the same for all black holes considered.
1 Introduction and summary
The Kerr-CFT correspondence is a conjectured microscopic description for a Kerr black
hole [1, 2]. Originally it was proposed that quantum gravity in the near-horizon extreme
Kerr (NHEK [3]) geometry is described by a chiral 2d CFT. Surprisingly, it is the U(1) of
the U(1)L × SL(2, R)R isometry group that gets enhanced to a Virasoro symmetry in this
proposal. States that transform non-trivially under SL(2, R)R are expected to correspond
to excitations away from extremality. Therefore it is natural to ask whether there exists a
non-chiral CFT, in which SL(2, R)R also is enhanced to a Virasoro symmetry, that describes
near-extreme Kerr black holes.
The decoupling limit of a near-extreme Kerr gives a ”near-NHEK” geometry which is
locally isometric to NHEK [4, 5]. One might try to define boundary conditions in the (near-
)NHEK geometry for which the asymptotic symmetry group contains two sets of Virasoro
generators. Quantum gravity with such boundary conditions would be a non-chiral CFT.1
Unfortunately, Refs. [4, 5] argued that the gravitational backreaction of any perturbation
would destroy any such boundary conditions.2
Nevertheless, evidence that a non-chiral CFT description for near-extreme Kerr does
exist is provided by studies of scattering [11, 12, 13]. A CFT dual to the NHEK geometry
should describe modes close to the superradiant limit: M |ω −mΩ| ≪ 1 (where M is the
black hole mass and Ω its angular velocity, and the waves have frequency ω and azimuthal
quantum number m). It is found that the scattering cross-section for such waves from
near-extreme Kerr can be reproduced from correlation functions in a 2d non-chiral CFT.3
2d CFT operators are classified by their conformal weights (hL, hR). hR is associated
to SL(2, R)R, which is realized geometrically in NHEK. Therefore one can use AdS/CFT
techniques to calculate hR for an operator dual to a given mode of a bulk field. One
performs a Kaluza-Klein reduction on the S2 or NHEK to reduce a given bulk field to a
tower of fields in AdS2. From the SL(2, R) transformation properties of these fields one
can read off the weights hR for dual CFT operators. Given hR, Ref. [13] found that taking
hL = hR − |s| reproduces the scattering cross-section for a field of helicity s.
In carrying out this procedure, one must ask which fields to include in the bulk. Since
we don’t know the correct theory of quantum gravity in the bulk, the most conservative
approach is to focus on the only field that any such theory must include, namely the gravi-
tational field. So we shall consider operators dual to linearized gravitational perturbations.
These were studied in Refs. [4, 5]. KK reduction on S2 leads to an infinite set of fields in
AdS2 labelled by integers (l, m) (|m| ≤ l = 2, 3, . . .) corresponding to spheroidal harmonics
on S2. For each field one can read off hR. For modes with m 6= 0, the result is complicated,
1For work in this direction, see Refs. [7, 8, 9, 10].
2 The results described in this paragraph were obtained earlier for Reissner-Nordstrom black holes [6].
3In a separate development, it has been observed that the scattering cross-section for low-frequency
(Mω ≪ 1) waves from a general Kerr black hole also can be reproduced from 2d non-chiral CFT correlation
functions [14].
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involving an eigenvalue that must be determined numerically. Modes with |m| ∼ l give
complex hR [3, 4, 5]. The microscopic interpretation of this is unclear.
However, for axisymmetric modes, i.e., those with m = 0, one finds that hR is an integer:
hR = l + 1. Hence there exists an infinite family of CFT operators invariant under U(1)L
with integer conformal weights. The same result arises for CFT operators dual to KK
harmonics of a massless scalar field or an electromagnetic field.4 We are not aware of any
explanation of why these conformal weights should be integers.5
The purpose of this paper is to observe that this unexplained fact appears to be quite
general. We shall consider 5d near-extreme vacuum black holes. As in 4d, the near-
horizon geometry of such a black hole is locally isometric to the near-horizon geometry
of the corresponding extreme black hole. All known examples of 5d black holes have two
rotational symmetries. Any 5d near-horizon geometry with two rotational symmetries must
take the form of a fibration over AdS2 [15]
ds2 = L(θ)2
(
−r2dt2 + dr
2
r2
)
+ α(θ)2dθ2 + γIJ(θ)(dφ
I − kIrdt)(dφJ − kJrdt) , (1.1)
where I, J = 1, 2, ∂φI are the rotational Killing vector fields of the black hole and k
I are
constants. The metric has U(1) × U(1) × SL(2, R) isometry group. In fact, all vacuum
near-horizon geometries of this form are known [16, 17]. They fall into three classes: (i)
the 3-parameter near-horizon geometry of an extreme boosted Kerr black string (wrapped
on a KK circle), which includes the near-horizon geometry of an extreme black ring [18] as
a special case; (ii) 2-parameter near-horizon extreme Myers-Perry [19], which is the same
as the near-horizon geometry of a ”slow” extreme Kaluza-Klein black hole [20, 21]; (iii) the
3-parameter near-horizon geometry of a ”fast” extreme KK black hole.
To compute operator dimensions in these geometries, we shall make use of recent results
concerning decoupling of gravitational perturbations in near-horizon geometries. Ref. [22]
obtained a decoupled equation for a local gauge-invariant quantity describing such pertur-
bations. Ref. [23] showed that one can KK reduce this equation on the space parameterized
by (θ, φI) in (1.1) to obtain charged scalar fields in AdS2 with an electric field. From the
SL(2, R) transformation properties of these fields, one can read off the conformal weights
hR of the dual operators.
Just as in 4d, operators dual to perturbations that break the rotational (U(1) × U(1))
symmetry can have complex hR. Therefore we focus on U(1)×U(1) invariant perturbations.
Considering massless scalar field and electromagnetic perturbations as well as gravitational
4The proposal of Ref. [14] also gives integer conformal weights for such fields, even for m 6= 0.
5Note that the operator of lowest weight dual to these bulk fields has hR = 3 whereas any CFT should
contain an operator with hR = 2, namely the right-moving part of the energy momentum tensor T˜ . One
might expect T˜ to be dual to bulk modes that correspond to a change in mass of the mass of the black
hole. However, such modes are non-dynamical [4, 5], i.e., they do not correspond to bulk fields.
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perturbations, we find the following spectrum
massless scalar field perturbations: hR = ℓ+ 1 , (1.2)
electromagnetic perturbations: hR = ℓ+ 1, ℓ+ 2, ℓ+ 2 , (1.3)
gravitational perturbations: hR = ℓ+ 1, ℓ+ 2, ℓ+ 2, ℓ+ 3, ℓ+ 3 , (1.4)
where ℓ = 0, 1, 2, · · · . We see that the conformal weights are integers again.6 This result
seems more surprising than the 4d case because these 5d near-horizon geometries contain
dimensionless parameters. Nevertheless, the conformal weights of these operators do not
depend on these parameters. We do not have a microscopic interpretation of the results,
but our results suggest that there is a ”universal sector” present in all CFTs dual to extreme
rotating black holes.
Could this result be simply a consequence of symmetry? There are reasons to think oth-
erwise. Ref [23] studied perturbations of the near-horizon geometry of extreme cohomogeneity-
1 Myers-Perry black holes (i.e. those with equal angular momenta in an odd number of
dimensions). The analysis allowed for a negative cosmological constant. In the case of non-
vanishing cosmological constant, hR is not longer integer-valued but various continuously
with r+/ℓ (where r+ is the horizon radius and ℓ the AdS radius). Furthermore, even with
vanishing cosmological constant, in more than five dimensions, it was found that hR was
non-integer and could be complex, even in the rotationally invariant sector. This was in-
terpreted as signalling a classical instability of the black hole of a type found earlier in Ref.
[24]. In both of these examples, hR is not integer valued but the black hole is classically
unstable (with a negative cosmological constant, there is a superradiant instability [25]).
Only when the black hole is classically stable might we expect a dual CFT to exist, and
only in this case does it happen that hR is integer valued.
There are attempts to understand Kerr/CFT as a deformation of the CFT describing
certain supersymmetric black holes [26, 27]. Other work has argued that extreme Myers-
Perry and rotating Kaluza-Klein black holes can be described by a bound state of D6- and
D0-branes [28, 29, 30, 31]. It would be interesting to know if any of these approaches can
be used to explain our result.
The organization of this paper is as follows. In section 2, we explain the method to
study perturbations in near horizon geometries. In section 3, we describe the 5d near
horizon geometries of interest. In sections 4, 5 and 6, conformal weights are studied for
operators dual to massless scalar field, electromagnetic and gravitational perturbations. In
section 7, we discuss the implications of our results for the classical stability of the black
holes considered here.
6For the special case of near-horizon extreme Myers-Perry with equal angular momenta, this result was
obtained in Ref. [23].
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2 Perturbations of near horizon geometries
Ref. [23] developed a formalism to study perturbations of near horizon geometries based
on a decoupled equation derived in Ref. [22]. We briefly review the formalism in this section.
In the near horizon geometry (1.1), the surface of constant t and r corresponds to a
spatial cross-section of the black hole horizon. We denote the surface by H. The metric of
H is
dsˆ2 = gˆµνdx
µdxν = α(θ)2dθ2 + γIJ(θ)dφ
IdφJ . (2.1)
We express gravitational and electromagnetic perturbations in terms of Ωij ≡ Cabcdℓambiℓcmdj
and ϕi ≡ Fabℓambi , respectively. Here, Cabcd is Weyl tensor and Fab is field strength of elec-
tromagnetic field. We introduced a null basis {ℓ, n,mi} where ℓ = L(θ)(−rdt + dr/r)/
√
2,
n = L(θ)(rdt + dr/r)/
√
2 and mi are orthonormal spacelike vectors orthogonal to ℓ and
n. For scalar field equations ( −M2)Φ = 0, we use the scalar field Φ(t, r, θ, φI) as the
perturbation variable. For these perturbation variables, we assume separation anzatz as
Φ = χ0(t, r)Y (θ) e
imIφ
I
, ϕi = χ1(t, r)Yi(θ) e
imIφ
I
, Ωij = χ2(t, r)Yij(θ) e
imIφ
I
. (2.2)
where mI are constants (integers if φ
I have period 2π). By definition, Yij is traceless
and symmetric. The perturbation equations reduce to equations of massive charged Klein-
Gordon equations in AdS2 as
[(∇2 − iqsA2)2 − q2s − λs]χs = 0 , (s = 0, 1, 2) (2.3)
where ∇2 is the covariant derivative on AdS2 : ds22 = −r2dt2 + dr2/r2 and A2 is a gauge
field in AdS2 given by A2 = −rdt. The effective U(1)-charge qs is defined as qs = mIkI+ is.
The separation constant λs is given by the eigenvalue equation for angular directions,
(O(0)Y ) = λ0Y , (2.4)
(O(1)Y )µ = λ1Yµ , (2.5)
(O(2)Y )µν = λ2Yµν , (2.6)
where these eigenvalue equations are written in coordinate basis {xµ} = {θ, φI}. The
operators O(s) are defined as [23]
(O(0)Y ) = −∇ˆµ(L(θ)∇ˆµY ) + L2M2 − (mIkI)2 , (2.7)
(O(1)Y )µ = − 1
L2
∇ˆρ(L4∇ˆρYµ) +
(
2− (kImI)2 − 5
4L2
kµk
µ
)
Yµ
+L2
(
Rˆµν +
1
2
Rˆgˆµν
)
Y ν +
[
− 1
2
(dk)µν
+2(k − d(L2))[µ∇ˆν] − 1
L2
(dL2)[µkν]
]
Y ν , (2.8)
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(O(2)Y )µν = − 1
L4
∇ˆρ
(
L6∇ˆρYµν
)
+
(
6− (kImI)2 − 4
L2
kµk
µ
)
Yµν
+2L2
(
Rˆ(µ|ρ + Rˆgˆ(µ|ρ
)
Y ρ|ν) − 2L2Rˆ ρ σµ ν Yρσ
+
[
− (dk)(µ|ρ − 2
L2
(
d(L2) ∧ k)
(µ|ρ
+2
(
k − d(L2))
(µ|
∇ˆρ − 2
(
k − d(L2))
ρ
∇ˆ(µ|
]
Y ρ|ν). (2.9)
here, ∇ˆ, Rˆµνρσ, Rˆµν and Rˆ are covariant derivative, Rieman tensor, Ricci tensor and Ricci
scalar on H, respectively. We also defined k = kI∂I and (dk)µν = 2∇ˆ[µkν].
At large r, solutions of (2.3) behave as χs ∼ r−hR, rhR−1 where
hR =
1
2
+
√
1
4
+ λs . (2.10)
Assuming usual AdS/CFT rules apply, hR is the conformal weight of a dual CFT operator.
Note that qs is complex in general but Ref.[23] showed that the above operators are self-
adjoint with respect to suitable inner products and hence λs is real.
For perturbations with mI 6= 0, hR can be complex even for Kerr black holes [3, 4, 5].
in this paper, we focus only on the U(1) × U(1)-invariant perturbations, i.e., we assume
mI = 0.
3 Near horizon geometries in 5-dimensions
Assuming two U(1) symmetries, one can classify the near horizon geometries of 5-
dimensional extreme vacuum black holes completely [16, 17]. Any near horizon geometry
is isometric to that of Myers-Perry black hole, boosted Kerr black string or fast-rotating
Kaluza-Klein black hole. In this section, we introduce these near horizon geometries.
3.1 Myers-Perry black holes
Using L(θ), α(θ), γIJ(θ) and k
I defined in Eq.(1.1), we can describe the near horizon
geometry of the extreme Myers-Perry black hole as [15]
L2(θ) =
ρ2+
4
, α2(θ) = ρ2+ , k
φ1 = −1
2
√
b
a
, kφ
2
= −1
2
√
a
b
,
γIJ(θ)dφ
IdφJ =
(a+ b)2
ρ2+
[
a sin2 θ(a + b sin2 θ)(dφ1)2
+ b cos2 θ(b+ a cos2 θ)(dφ2)2 + 2ab sin2 θ cos2 θdφ1dφ2
]
,
(3.1)
and ρ2+ = ab + a
2 cos2 θ + b2 sin2 θ. The coordinate ranges are 0 ≤ θ ≤ π/2 and 0 ≤ φI ≤
2π. This spacetime is parametrized by two parameters a and b, which represent angular
momentum parameters in the full geometry.
5
3.2 Boosted Kerr-strings
The near horizon data of an extreme boosted Kerr-string has the form (1.1) with φI ∼
(φ, z) and [15]
L2(θ) = α2(θ) = 2a2Ω2(θ) , kφ = −1 , kz = 0 ,
γIJ(θ)dφ
IdφJ = 2a2Ω2(θ)Λ2(θ)
(
dφ+
sinh β
2a
dz
)2
+ cosh2 βdz2
(3.2)
where functions Ω(θ) and Λ(θ) are defined as
Ω2(θ) =
1 + cos2 θ
2
, Λ(θ) =
2 sin θ
1 + cos2 θ
. (3.3)
The coordinate ranges are 0 ≤ θ ≤ π, 0 ≤ φ ≤ 2π and −∆z/2 ≤ z ≤ ∆z/2. This spacetime
is parametrized by three parameters a, β and ∆z. The near horizon geometries of extreme
doubly spinning black rings [18] are included in Eq.(3.2) as a special case corresponding to
a2 =
8ℓ2λ2
(4− λ2)2 , sinh
2 β = 1 , ∆z =
2
√
2πℓ(2 + λ)
2− λ , (3.4)
where 0 ≤ λ < 2 and ℓ > 0.
For the U(1)× U(1) invariant perturbations that we shall consider, the absence of any
φ or z dependence in the perturbation means that there will be no dependence of our
equations on ∆z. Hence the equations will be the same as for ∆z =∞. But in this limit,
the parameter β can be eliminated by a shift in φ and a rescaling of z. This reduces the
metric to that of an unboosted extreme Kerr string with a single parameter a, which is
dimensionful and therefore cannot affect hR. This explains why, for this case, hR does not
depend on the parameters of the solution.
3.3 Fast-rotating Kaluza-Klein black holes
We consider rotating Kaluza-Klein black hole derived in [20, 21]. The black hole has
spherical horizon and approaches the Gross-Perry-Sorkin monopole solution [32, 33] at
infinity. The non-extremal solution has four parameters, (m, a, p, q) which correspond to
mass, angular momenta, electric charges and magnetic charge in effective 4-dimensional
theory. In this spacetime, there are two kind of extreme limit. One of them is a,m → 0
with a/m fixed. In this limit, the solution is called the slow-rotating extreme Kaluza-Klein
black hole. The near horizon geometry of this spacetime is isometric to that of extreme
Myers-Perry black hole. Another extreme limit is m → a. In this limit, the solution is
called the fast-rotating extreme Kaluza-Klein black hole. We consider the near horizon
geometry of the fast-rotating extreme KKBH.
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The near horizon data of the fast-rotating KKBH has the form (1.1) with φI ∼ (y, φ)
and [16]
L2(θ) = α2(θ) = Hp , k
φ =
pq + 4a2
2a(p+ q)
, ky = −
√
pq(p2 − 4a2)Q
qa(p+ q)
γIJ(θ)dφ
IdφJ =
Hq
Hp
(dy + Aφdφ)
2 +
pqa2 sin2 θ
Hq
dφ2 ,
(3.5)
where
Hp = −a2 sin2 θ + p(pq + 4a
2)
2(p+ q)
+
2pQP√
pq
cos θ ,
Hq = −a2 sin2 θ + q(pq + 4a
2)
2(p+ q)
− 2qQP√
pq
cos θ ,
Aφ = −2P
Hq
(Hq + a
2 sin2 θ) cos θ +
√
p
q
Q(2a2(p+ q) + q(p2 − 4a2)) sin2 θ
(p+ q)Hq
,
(3.6)
and
P =
√
p(p2 − 4a2)
4(p+ q)
, Q =
√
q(q2 − 4a2)
4(p+ q)
. (3.7)
The coordinate ranges are 0 ≤ θ ≤ π, 0 ≤ φ ≤ 2π and 0 ≤ y ≤ 8πP . This solution is
parametrized by three parameters, (p, q, a) which satisfy p, q ≥ 2a.
4 Conformal weights for massless scalar field perturbations
In sections 4, 5 and 6, we solve the eigenvalue equations (2.4-2.6) and determine con-
formal dimensions of CFT operators dual to U(1)×U(1)-invariant perturbations of the 5d
near horizon geometries introduced in section 3. In this section, we consider scalar field
perturbations (2.4). For the general near horizon geometry (1.1), the eigenvalue equation
for the scalar field reduces to
−L
2
α2
Y ′′ − 1
2L2γ
(
L4γ
α2
)′
Y ′ + L2{M2 −mImJ (γIJ + kIkJ )} = λ0Y , (4.1)
where ′ = d/dθ and γ = det(γIJ). Hereafter, we consider the massless case M = 0 and
U(1) × U(1)-invariant perturbations, i.e., mI = 0. For extreme Myers-Perry black holes,
Kerr-strings, and fast-rotating Kaluza-Klein black holes, we find the relation
L2
α2
=
1
4
, L2γ =
1
16
ab (a + b)4 sin2 2θ (Myers-Perry BH)
L2
α2
= 1 , L2γ = 4a4 cosh2 β sin2 θ (Kerr-string) ,
L2
α2
= 1 , L2γ = 16pqa2P 2 sin2 θ (fast-rotating KKBH) .
(4.2)
7
After a coordinate transformation 2θ→ θ for the Myers-Perry black hole, substituting these
functions into (4.1), we obtain same eigenvalue equation for three backgrounds as
−Y ′′ − cot θY ′ = λ0Y . (4.3)
The solution is expressed by Legendre functions as
Y = C1 Pν(cos θ) + C2Qν(cos θ) , (ν =
√
λ0 + 1/4− 1/2) (4.4)
The regularity requires C2 = 0 and λ0 = ℓ(ℓ + 1) (ℓ = 0, 1, 2, · · · ). Thus, using Eq.(2.10),
we can determine conformal weights as
hR = ℓ+ 1 , (ℓ = 0, 1, 2, · · · ) . (4.5)
The conformal weights are integers and do not depend on the parameters of the near-horizon
geometry.
5 Conformal weights for electromagnetic perturbations
5.1 Myers-Perry black holes
Now we study the conformal weights of CFT operators dual to electromagnetic pertur-
bations (2.5). In this subsection, we consider the near horizon geometry of the extreme
Myers-Perry black hole (3.1). For later numerical calculations, we define a set of variables
{ψ1, ψ2, ψ3} as
Yθ = ψ1(θ) sin θ cos θ ,
Yφ1 = ψ2(θ) sin
2 θ{sin2 θ + (a/b) cos4 θ} + sin4 θ cos2 θψ3(θ) ,
Yφ2 = ψ2(θ) sin
4 θ cos2 θ + ψ3(θ) cos
2 θ{cos2 θ + (b/a) sin4 θ}
(5.1)
Substituting Eq.(5.1) into, Eq.(2.5), we obtain the eigenvalue equation for ψk as[
1
4
∂2θ + A(θ; a/b)∂θ + B(θ; a/b)
]
~ψ = −λ1 ~ψ . (5.2)
where ~ψ = (ψ1, ψ2, ψ3)
T and A(θ; a/b) and B(θ; a/b) are 3 × 3 matrices which depend on
θ and a/b. Since A and B are dimensionless, these can depend only on dimensionless
parameter a/b.7 In the case of equal angular momenta a = b, the symmetry of the near
horizon spacetime enhances and we can solve the eigenvalue equation (5.2) analytically [23].
Then, Eq.(2.10) gives the conformal weights as
hR = 2, κ, κ+ 1, κ+ 2 (κ = 1, 2, 3, · · · )
= 1, 2, 2, 2, 3, 3, 3, 4, 4, 4, 5, 5, 5, · · · . (5.3)
7 Because explicit expressions of A and B are tedious, we do not write the expressions in this paper.
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For a 6= b, we need numerical calculations. Thanks to the definition of ψk (5.1), the regular
solution behaves as ~ψ ∼ θ0 (θ→ 0) and ~ψ ∼ (π/2−θ)0 (θ → π/2) at axis. Hence, we simply
impose the Neumann boundary conditions at θ = 0, π/2 in our numerical calculations. The
detail of numerical calculations are summarized in Appendix A. We show the numerical
result in Table 1. We can find that the conformal weights do not depend on the parameter
a/b. Thus, our numerical calculations indicate that the expression (5.3) is valid even for
a 6= b. It would be nice to prove this analytically.
a = b a = 2b a = 5b a = 10b a = 20b
1 1.000000 0.999999 0.999999 1.000000 1.000002
2 1.999999 1.999998 1.999997 1.999997 1.999998
3 1.999999 1.999998 1.999998 1.999998 2.000000
4 1.999999 1.999999 1.999999 2.000000 2.000004
5 2.999992 2.999991 2.999990 2.999989 2.999989
6 2.999993 2.999992 2.999992 2.999992 2.999995
7 2.999993 2.999993 2.999993 2.999995 3.000000
8 3.999976 3.999976 3.999975 3.999972 3.999966
9 3.999978 3.999977 3.999976 3.999975 3.999974
10 3.999978 3.999978 3.999977 3.999981 3.999993
11 4.999948 4.999948 4.999944 4.999940 4.999936
12 4.999950 4.999948 4.999949 4.999948 4.999947
13 4.999950 4.999951 4.999950 4.999952 4.999959
Table 1: Conformal weights for operators dual to U(1) × U(1)-invariant electromagnetic
perturbations on near horizon geometries of extreme Myers-Perry black holes. They are
computed for a/b = 1, 2, 5, 10 and 20. We see that the conformal weights do not depend
on the dimensionless parameter a/b and the sequences of conformal weights coincide with
Eq.(5.3) even for a 6= b.
5.2 Boosted Kerr-strings
In this subsection, we consider the electromagnetic perturbations on near horizon ge-
ometries of boosted Kerr-strings (3.2). We define orthogonal basis on H as
m(1)µ dx
µ = adθ + aΛ(θ) cos θ
(
dφ+
sinh β
2a
dz
)
,
m(2)µ dx
µ = −a cos θdθ + aΛ(θ)
(
dφ+
sinh β
2a
dz
)
, m(3)µ dx
µ = cosh βdz .
(5.4)
and rewrite the Yµ in this basis as Yµ = Yim
i
µ. We define a set of variables ψk (k = 1, · · · , 3)
as
Y1 = ψ2/
√
1 + cos2 θ , Y2 = ψ3/
√
1 + cos2 θ , Y3 = ψ1/
√
1 + cos2 θ (5.5)
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In term of ψ’s, we obtain five eigenvalue equations decoupled each other,
ψ′′k + cot θψ
′
k −
s2k
sin2 θ
ψk = −λ1ψk , (k = 1, 2, 3) (5.6)
where (s1, s2, s3) = (0, 1, 1). Considering the Kaluza-Klein reduction along the z direction
in (3.2), we can regard the variable {ψ1} and {ψ2, ψ3} as effective scalar and vector field in
NHEK geometry, respectively. These equations for ψk do not depend on parameters a and
β. The solutions are expressed by associated Legendre functions as
ψk = C1 Pν
sk(cos θ) + C2Qν
sk(cos θ) , (ν =
√
λ1 + 1/4− 1/2) (5.7)
The regularity of the solution requires C2 = 0 and λ1 = (ℓ+ sk)(ℓ+ sk+1) (ℓ = 0, 1, 2, · · · ).
Thus, conformal weights are
hR = ℓ+ 1, ℓ+ 2, ℓ+ 2 (ℓ = 0, 1, 2, · · · )
= 1, 2, 2, 2, 3, 3, 3, 4, 4, 4, 5, 5, 5, · · · . (5.8)
Hence extreme Myers-Perry black holes and Kerr black strings have same conformal weights
for operators dual to U(1)× U(1)-invariant electromagnetic perturbations.
5.3 Fast-rotating Kaluza-Klein black holes
In this subsection, we consider the electromagnetic perturbations on near horizon ge-
ometries of fast-rotating Kaluza-Klein black holes (3.5). We define the basis on H as
m(1) = dθ , m(2) = dy + Aφdφ , m
(3) = dφ , (5.9)
We rewrite the Yµ in this basis as Yµ = Yim
i
µ and define variables ψk (k = 1, · · · , 3) as
Y1 = ψ1(θ) sin θ ,
Y2 = ψ2(θ)(β+ cos
2(θ/2) + β− sin
2(θ/2)) sin2 θ + ψ3(θ)
Y3 = ψ3(θ) sin
2 θ
(5.10)
where β± are constants defined by
β± =
{(pq)1/2(pq + 4a2)∓ 4(p+ q)QP}{(pq)1/2P (q2 − 4a2)± pQ(pq + 4a2)}
2p3/2q1/2(p+ q){±(pq)1/2(pq + 4a2) + 4(p+ q)QP}a2 (5.11)
Then, we obtain the eigenvalue equations for ψk as[
∂2θ + C(θ; p/a, q/a)∂θ +D(θ; p/a, q/a)
]
~ψ = −λ1 ~ψ . (5.12)
where ~ψ = (ψ1, ψ2, ψ3)
T and C and D are 3 × 3 matrices which depend on θ and p/a and
q/a. We solved the equations numerically. Since the regular solution behaves as ~ψ ∼ θ0
(θ → 0) and ~ψ ∼ (π − θ)0 (θ → π) at axis, we imposed Neumann boundary conditions at
axis. We summarize the conformal weights for several parameters in Table 2. We see that
the conformal weights do not depend on the parameters, (p/a, q/a) (it would be nice to
prove this analytically). Furthermore, the sequence of conformal weights is same as that of
Myers-Perry black holes (5.3) and Kerr-strings (5.8). From these results, we can conclude
that CFT operators dual to U(1)×U(1)-invariant electromagnetic perturbations on 5d near
horizon geometries have same integer conformal weights (1.3).
10
(3, 3) (3, 6) (6, 3) (6, 6)
1 1.000000 1.000000 1.000000 0.999999
2 1.999998 1.999998 1.999998 1.999997
3 1.999999 1.999998 1.999998 1.999998
4 1.999999 1.999999 1.999999 1.999998
5 2.999992 2.999991 2.999991 2.999991
6 2.999992 2.999992 2.999992 2.999991
7 2.999993 2.999992 2.999992 2.999991
8 3.999975 3.999975 3.999976 3.999974
9 3.999978 3.999976 3.999977 3.999976
10 3.999978 3.999977 3.999977 3.999977
11 4.999948 4.999948 4.999947 4.999945
12 4.999950 4.999948 4.999949 4.999948
13 4.999950 4.999950 4.999950 4.999949
Table 2: Conformal weights for operators dual to U(1) × U(1)-invariant electromagnetic
perturbations on near horizon geometries of fast-rotating Kaluza-Klein black holes. They
are computed for (p/a, q/a) = (3, 3), (3, 6), (6, 3) and (6, 6). We see that the conformal
weights are integer and do not depend on dimensionless parameters, p/a and q/a.
6 Conformal weights for gravitational perturbations
6.1 Myers-Perry black holes
Finally, we consider the gravitational perturbations on 5-dimensional near horizon ge-
ometries. In this subsection, we consider Myers-Perry black holes. We define variables ψk
(k = 1, · · · , 5) as
Yθφ1 = ψ1(θ) sin
3 θ cos θ , Yθφ2 = ψ2(θ) sin θ cos
3 θ , Yφ1φ2 = ψ3(θ) sin
2 θ cos2 θ ,
Yφ1φ1 = ψ4(θ)(1 + cos
2 θ) sin2 θ − a
2
2b(a + b)
ψ5(θ) cos
2 θ ,
Yφ2φ2 = ψ5(θ)(1 + sin
2 θ) cos2 θ − b
2
2a(a + b)
ψ4(θ) sin
2 θ .
(6.1)
The Yθθ component is determined by the traceless condition. The regular solution behaves
at axis as ~ψ ∼ θ0 (θ → 0) and ~ψ ∼ (π/2 − θ)0 (θ → π/2). In the case of equal angular
momenta a = b, the eigenvalue equation (2.6) has been solved analytically [23]. Then,
conformal weights are
hR = 2, 3, 3, 4, κ− 1, κ, κ+ 1, κ+ 2, κ+ 3, (κ = 2, 3, 4, · · · )
= 1, 2, 2, 2, 3, 3, 3, 3, 3, 4, 4, 4, 4, 4, 5, 5, 5, 5, 5, · · · . (6.2)
For a 6= b, we solved the eigenvalue equation numerically by the same way as Eq.(5.2) and
(5.12). The result is summarized in Table 3. We can find that the conformal weights do
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not depend on the parameter a/b again. Thus, our numerical calculations indicate that the
expression (6.2) is valid even for a 6= b.
a = b a = 2b a = 5b a = 10b a = 20b
1 1.000001 0.999999 0.999993 0.999990 0.999997
2 1.999999 1.999998 1.999994 1.999980 1.999969
3 1.999999 1.999998 1.999997 2.000001 2.000010
4 1.999999 1.999998 1.999998 2.000005 2.000016
5 2.999992 2.999991 2.999985 2.999986 2.999975
6 2.999993 2.999993 2.999992 2.999988 2.999993
7 2.999993 2.999993 2.999992 2.999991 2.999996
8 2.999993 2.999993 2.999993 2.999992 2.999997
9 2.999993 2.999993 2.999993 2.999995 2.999998
10 3.999977 3.999975 3.999968 3.999970 3.999952
11 3.999978 3.999978 3.999977 3.999972 3.999975
12 3.999978 3.999978 3.999978 3.999975 3.999980
13 3.999979 3.999979 3.999978 3.999978 3.999985
14 3.999979 3.999979 3.999980 3.999980 3.999990
15 4.999950 4.999948 4.999941 4.999929 4.999912
16 4.999951 4.999950 4.999949 4.999944 4.999952
17 4.999951 4.999951 4.999950 4.999949 4.999954
18 4.999952 4.999952 4.999950 4.999956 4.999959
19 4.999953 4.999953 4.999954 4.999958 4.999961
Table 3: Conformal weights for operators dual to U(1)×U(1)-invariant gravitational pertur-
bations on near horizon geometries of extreme Myers-Perry black holes. They are computed
for a/b = 1, 2, 5, 10 and 20. We see that the conformal weights do not depend on the di-
mensionless parameter a/b and the sequences of conformal weights coincide with Eq.(6.2)
even for a 6= b.
6.2 Boosted Kerr-strings
In this subsection, we consider Boosted Kerr-strings. We use the orthogonal basis
defined in Eq.(5.4). We define a set of variables ψk (k = 1, · · · , 5) as
Y12 = ψ4(θ)/(1 + cos
2 θ) , Y13 = ψ2(θ)/(1 + cos
2 θ) ,
Y22 = (ψ5(θ)− ψ1(θ))/(1 + cos2 θ) , Y23 = ψ3(θ)/(1 + cos2 θ) ,
Y33 = 2ψ1(θ)/(1 + cos
2 θ) .
(6.3)
In term of ψ’s, we obtain five eigenvalue equations decoupled each other,
ψ′′k + cot θψ
′
k −
s2k
sin2 θ
ψk = −λ2ψk , (6.4)
where (s1, s2, s3, s4, s5) = (0, 1, 1, 2, 2). After the Kaluza-Klein reduction along the z di-
rection, the variable {ψ1}, {ψ2, ψ3} and {ψ4, ψ5} correspond to effective scalar, vector and
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tensor field in NHEK geometry, respectively. These equations for ψk do not depend on
parameters a and β. The solutions are expressed by associated Legendre functions as
ψk = C1 Pν
sk(cos θ) + C2Qν
sk(cos θ) , (ν =
√
λ2 + 1/4− 1/2) (6.5)
The regularity of the solution requires C2 = 0 and λ2 = (ℓ+ sk)(ℓ+ sk+1) (ℓ = 0, 1, 2, · · · ).
Thus, the conformal weights are
hR = ℓ+ 1, ℓ+ 2, ℓ+ 2, ℓ+ 3, ℓ+ 3 (ℓ = 0, 1, 2, · · · )
= 1, 2, 2, 2, 3, 3, 3, 3, 3, 4, 4, 4, 4, 4, 5, 5, 5, 5, 5, · · · . (6.6)
This is precisely what one expects on the basis of the remarks at the end of section 3.2: the
spectrum should coincide with that of an unboosted Kerr string. This can be understood
from Kaluza-Klein theory: in 4d one has massless scalar, vector and gravitational pertur-
bations of the Kerr black hole, for which the conformal weights can be read off from Refs.
[3, 4, 5].
In summary, extreme Myers-Perry black holes and Kerr black strings have give the same
conformal weights for operators dual to U(1)×U(1)-symmetric gravitational perturbations.
6.3 Fast-rotating Kaluza-Klein black holes
We use the orthogonal basis defined in Eq.(5.9). We define variables ψk as
Y12 = ψ1(θ) sin θ , Y13 = ψ2(θ) sin
3 θ ,
Y22 = (α+ cos
2(θ/2) + α− sin
2(θ/2))ψ3(θ) ,
Y23 = ψ4(θ) sin
2 θ , Y33 = (ψ3(θ) + ψ5(θ) sin
2 θ) sin2 θ ,
(6.7)
where
α± = − {(pq)
3/2 + 4(pq)1/2a2 ∓ 4(p+ q)PQ}2(pq)1/2
p3(p+ q)a2{(pq)3/2 + 4(pq)1/2a2 ± 4(p+ q)PQ} . (6.8)
The regular solution behaves as ~ψ ∼ θ0 (θ → 0) and ~ψ ∼ (π − θ)0 (θ → π). We solved the
eigenvalue equation numerically and summarize the conformal weights for several param-
eters in Table 4. We see that the conformal weights do not depend on the dimensionless
parameters, (p/a, q/a). Furthermore, the sequence of conformal weights is same as that
of Myers-Perry black holes (6.2) and Kerr-strings. Form these results, we can conclude
that CFT operators dual to U(1)× U(1)-symmetric gravitational perturbations of any 5d
vacuum near horizon geometry have the same integer conformal weights (1.4).
7 Classical stability of extreme black holes
In [23], it was conjectured that, if rotationally invariant perturbations of the near horizon
geometry of an extreme black holes lead to complex hR then the full black hole spacetime
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(3, 3) (3, 6) (6, 3) (6, 6)
1 1.000000 0.999994 0.999993 1.000057
2 1.999998 1.999995 1.999993 1.999995
3 1.999999 1.999996 1.999997 2.000018
4 1.999999 1.999998 1.999999 2.000038
5 2.999991 2.999987 2.999986 2.999989
6 2.999993 2.999990 2.999991 2.999990
7 2.999993 2.999991 2.999992 2.999991
8 2.999993 2.999992 2.999992 3.000005
9 2.999994 2.999993 2.999992 3.000039
10 3.999977 3.999969 3.999972 3.999974
11 3.999978 3.999976 3.999976 3.999977
12 3.999978 3.999978 3.999977 3.999981
13 3.999978 3.999978 3.999978 3.999986
14 3.999980 3.999978 3.999978 4.000020
15 4.999950 4.999939 4.999943 4.999944
16 4.999950 4.999951 4.999950 4.999949
17 4.999951 4.999951 4.999950 4.999949
18 4.999952 4.999951 4.999951 4.999952
19 4.999954 4.999951 4.999951 5.000000
Table 4: Conformal weights for gravitational perturbations on near horizon geometries of
fast-rotating Kaluza-Klein black holes. They are computed for (p/a, q/a) = (3, 3), (3, 6),
(6, 3) and (6, 6). We see that the conformal weights are integer and do not depend on
dimensionless parameters, p/a and q/a.
is classically unstable. As examples, they studied the instability of odd dimensional Myers-
Perry black holes with equal angular momenta and had consistent results with the stability
analysis of full black hole geometries near to extremality [34, 24]. In our notation, the
conjecture applies to U(1)× U(1)-invariant perturbations and the condition for instability
is given by λs < −1/4. (λs was defined in Eq.(2.4-2.6).) From our result (1.4), we find
hR ≥ 1 so λs ≥ 0. Therefore, the conjecture of Ref. [23] does not predict any instability for
axisymmetric perturbations of 5-dimensional extreme black holes.
This is consistent with expectations about stability of the full 5d Myers-Perry geometry.
It has been shown that 5-dimensional Schwarzschild black holes are stable [35, 36]. Hence,
if 5-dimensional Myers-Perry black holes are unstable for axisymmetric perturbations, the
stability must change at a critical value of the angular momentum. Previous studies of
axisymmetric instabilities have found that there exists a time-independent perturbation
at this critical value of the angular momentum [37, 24] which is expected to indicate the
bifurcation of a new family of stationary black hole solutions. On the other hand, however,
it has been shown that the Myers-Perry solution is the unique 5d stationary, asymptotically
flat, solution with two commuting U(1) symmetries and topologically spherical horizon [38,
39]. Thus, there cannot be unstable modes in U(1) × U(1)-invariant perturbation of 5-
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dimensional Myers-Perry black holes. Our result (1.4) is consistent with this notion and
supports the conjecture in [23].
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A Numerical calculations
In this section, we explain how to solve Eq.(5.2), numerically. We carried out other
numerical calculations in this paper by the same way as Eq.(5.2).
Instead of Eq.(5.2), we consider a diffusion equation,
∂τ ~ψ(τ, θ) = M ~ψ(τ, θ) , M ≡ 1
4
∂2θ + A(θ; a/b)∂θ +B(θ; a/b) (A.1)
The formal solution of this equation is given by ~ψ(τ, θ) = eτM ~ψini(θ) where ~ψini(θ) is an
initial function. For sufficiently late time, the solution approaches
~ψ = eτM ~ψini → eτα0 ~ψ0 (τ →∞) , (A.2)
where α0 is the largest eigen value of M and ~ψ0 is its eigen vector. Thus, by solving the
time evolution of Eq.(A.1), we can determine the largest eigen value of operator M . The
second largest eigen value can be also determined by projecting out the ~ψ0 at every time
step. By the similar way, we can determine eigen values from top to bottom.
To solve the time evolution of Eq.(A.1) numerically, we have to discretize τ and θ as
τn = n∆τ (n = 0, 1, 2, · · · ) and θj = j∆θ (j = 0, 1, 2, · · · , N), where ∆θ = π/(2N).
Defining ~ψ(τn, θj) = ~ψ
n
j , we discretize the Eq.(A.1) implicitly as
~ψnj − ~ψn−1j
∆τ
=
1
4
~ψnj+1 − 2~ψnj + ~ψnj−1
∆θ2
+ A(θj)
~ψnj+1 − ~ψnj−1
2∆θ
+B(θj)~ψ
n
j . (A.3)
where we omitted the argument a/b in matrices A and B. To determine {~ψnj } from {~ψn−1j },
we need matrix inversions at every time steps. In the implicit discretization (A.3), the
numerical time evolution is stable for any value of ∆τ . Taking a large value of ∆τ makes
the convergence of time evolution (A.2) fast.
At axis θ = 0, π/2, there are regular singularities. The matrix A(θ) diverges at axis
as A(θ) → A0/θ (θ → 0) and A(θ) → A1/(π/2 − θ) (θ → π/2), where A0 and A1 are
constant matrices. On the other hand, thanks to the definition of the variables (5.1), the
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matrix B(θ) is regular at axis. For the regularity at axis, the variable ~ψ must satisfy the
Neumann boundary condition, namely, ~ψ(τ, θ) = ~ψ(τ, 0) + (1/2)~ψ′′(τ, 0)θ2 (for θ → 0) and
~ψ(τ, θ) = ~ψ(τ, π/2) + (1/2)~ψ′′(τ, π/2)(π/2 − θ)2 (for θ → π/2), where ′ ≡ ∂/∂θ. Thus, at
axis, the equation (A.1) reduces to
∂τ ~ψ(τ, 0) =
(
1
4
+ A0
)
~ψ′′(τ, 0) +B(0)~ψ(τ, 0) ,
∂τ ~ψ(τ, π/2) =
(
1
4
−A1
)
~ψ′′(τ, π/2) +B(π/2)~ψ(τ, π/2) ,
(A.4)
Therefore, we can discretize the equation at axis as
~ψn0 − ~ψn−10
∆τ
=
(
1
4
+ A0
)
2~ψn1 − 2~ψn0
∆θ2
+B(0)~ψn0 ,
~ψnN − ~ψn−1N
∆τ
=
(
1
4
−A1
)
2~ψnN−1 − 2~ψnN
∆θ2
+B(π/2)~ψnN ,
(A.5)
where we used the Neumann boundary condition, ~ψn−1 =
~ψn1 and
~ψnN+1 =
~ψnN−1. We solved
the system of discretized equations (A.3) and (A.5) setting ∆τ = 1.0 and N = 2000. To
avoid numerical overflow, we normalized the variable as
∑N
j=0 |~ψnj |2 = 1 at each time step.
As the result, we obtained the sequence of conformal weights as in Table.1. We checked
that the result do not depend on ∆τ and N if we chose sufficiently large N .
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